In this paper we construct all strongly regular graphs, with at most 550 vertices, admitting a transitive action of the orthogonal group O + (6, 2)
Introduction
We assume that the reader is familiar with the basic facts of group theory and theory of strongly regular graphs. We refer the reader to [6, 13] for relevant background reading in group theory, and to background reading in theory of strongly regular graphs we refer the reader to [2, 4, 15] .
The orthogonal groups O + (6, 2) and O − (6, 2) are simple groups of orders 20160 and 25920, respectively. It is well known (see [6] ) that O + (6, 2) = A 8 = L(4, 2) and O − (6, 2) = O(5, 3) = U(4, 2) = S(4, 3).
A graph is regular if all the vertices have the same degree; a regular graph is strongly regular of type (v, k, λ, µ) if it has v vertices, degree k, and if any two adjacent vertices are together adjacent to λ vertices, while any two non-adjacent vertices are together adjacent to µ vertices. A strongly regular graph of type (v, k, λ, µ) is usually denoted by SRG(v, k, λ, µ). In this paper we classify strongly regular graphs with at most 550 vertices admitting a transitive action of the orthogonal group O + (6, 2) or O − (6, 2), using the method outlined in [9] . Among others, we construct strongly regular graphs with parameters (216, 40, 4, 8) and (540,187,58,68), which proves the existence of strongly regular graphs with these parameters. Further, we introduce a method of constructing new strongly regular graphs from orbits, i.e. orbit matrices, of known strongly regular graphs. In this paper we apply this method to the strongly regular graphs obtained from O + (6, 2) and O − (6, 2).
For finding the graphs and computing their full automorphism groups, we used Magma [3] and GAP [10] .
SRGs from groups
Using Theorem 1 and Corollary 1 from [9] , we construct strongly regular graphs from orthogonal groups O + (6, 2) and O − (6, 2).
Theorem 1 Let G be a finite permutation group acting transitively on the sets Ω 1 and Ω 2 of size m and n, respectively. Let α ∈ Ω 1 and
blocks. The group H ∼ = G/ x∈Ω 2 G x acts as an automorphism group on
(Ω 2 , B), transitively on points and blocks of the design.
If ∆ 2 = Ω 2 then the set B consists of one block, and D(G, α, δ 1 , ..., δ s ) is a design with parameters 1 − (n, n, 1).
If a group G acts transitively on Ω, α ∈ Ω, and ∆ is an orbit of G α , then
∆ is said to be self-paired.
Corollary 1
If Ω 1 = Ω 2 and ∆ 2 is a union of self-paired and mutually paired orbits of G α , then the design D(G, α, δ 1 , ..., δ s ) is a symmetric self-dual design and the incidence matrix of that design is the adjacency matrix of a
The method of constructing designs and regular graphs described in Theorem 1 is a generalization of results presented in [8, 11, 12] . Using Corollary 1, one can construct all regular graphs admitting a transitive action of the group G, but we will be interested only in those regular graphs that are strongly regular.
SRGs from
The alternating group A 8 is a simple group of order 20160, and up to conjugation it has 137 subgroups. There are 47 subgroups of the group A 8 up to index 550. In Table 1 we give the list of all the subgroups which lead to the construction of strongly regular graphs. In the fifth column we give the rank of the permutation representation, i.e. Table 2 .
Graph Γ Parameters Aut(Γ) The unitary group U(4, 2) is the simple group of order 25920, and up to conjugation it has 116 subgroups. There are 40 subgroups of the group U(4, 2)
up to index 550. In Table 3 we give the list of all the subgroups which lead to the construction of strongly regular graphs. According to [4, 5] , the constructed strongly regular graph with parameters obtained from the groups A 8 and U(4, 2), respectively, are isomorphic.
Remark 2 Strongly regular graphs can be constructed as point graphs of partial geometries (see [14] ). In particular, the existence of a partial geometry pg (11, 16, 4) would imply the existence of a SRG(540, 187, 58, 68), but there is no known example of a partial geometry with these parameters. If a strongly regular graph Γ with parameters (540, 187, 58, 68) is obtained from a partial geometry pg (11, 16, 4) , then a line in a pg (11, 16, 4) but there is no subset of 765 cliques that can correspond to the lines of a pg (11, 16, 4) . Hence, the constructed strongly regular graphs with parameters (540, 187, 58, 68) cannot be obtained as point graphs of a pg (11, 16, 4) , and the existence of a pg(11, 16, 4) remains undecided.
SRGs from orbit matrices
M. Behbahani and C. Lam [1] introduced the concept of orbit matrices of strongly regular graphs. In [7] , the authors presented further properties of orbit matrices of strongly regular graphs.
Let Γ be a SRG(v, k, λ, µ) and A be its adjacency matrix. Suppose that an automorphism group G of Γ partitions the set of vertices V into t orbits O 1 , . . . , O t , with sizes n 1 , . . . , n t , respectively. The orbits divide the matrix 
While constructing strongly regular graphs with presumed automorphism group, each matrix with the properties of a column orbit matrix, i.e. each matrix that satisfies equations (1) and (2), is called a column orbit matrix for parameters (v, k, λ, µ) and orbith length distribution (n 1 , . . . , n t ) (see [1, 7] ).
Hence, we have the following definition (see [7, Definition 1] ).
with entries satisfying equations (1) and (2) is called a column orbit matrix for a strongly regular graph with parameters (v, k, λ, µ) and orbit lengths distribution (n 1 , . . . , n t ).
In the following theorem we show that, under certain conditions, a (t × t)
orbit matrix of a SRG(v, k, λ, µ) can be used for a construction of a strongly regular graph on t vertices.
Theorem 4 Let C = [c ij ] be a (t×t) column orbit matrix for a strongly regular graph Γ with parameters (v, k, λ, µ) and orbit lengths distribution (n 1 , . . . , n t ), n 1 = . . . = n t = n, with constant diagonal. Further, let the off-diagonal entries of C have exactly two values, i.e. c ij ∈ {x, y}, x = y, 1 ≤ i, j ≤ t, i = j.
Replacing every x with 1 and every y with 0 in C, one obtains the adjacency matrix of a strongly regular graph Γ on t vertices.
Proof Since all the orbits have the same length, C is a symmetric matrix.
Let all the diagonal elements be equal to d. Further, let us denote by a the number of appearances of x in the i th row. Then the number of appearances of y in the i th row is equal to t − a − 1, and
Obviously, a does not depend on the choice of the selected row of C. which means that
Since b depends only on x, y, d, a, n, λ and µ, it does not depend on the choice of the rows i and j, it depends only on the fact that c ij = x.
Similarly, if c ij = y and we denote by c the number of columns in which the entry x appear in both rows, i.e. c = |{s | c is = c js = x}|, then
c is c js = 2dy + cx 2 + 2(a − c)xy
Obviously, c depends only on the value of c ij , i.e. the fact that c ij = y. Hence, we proved that by replacing in C every x with 1 and every y with 0 one obtains the adjacency matrix of a strongly regular graph with parameters (t, a, b, c).
✷

Construction of SRGs from orbit matrices
Applying the method given in Theorem 4, we constructed strongly regular graphs from the orbit matrices of the graphs obtained in Section 2. The results are presented in Table 5 , following the notation from Theorem 4. The third column contains information about the group for which the orbit matrix is constructed. However, C 1 has all the entries on the diagonal equal to 0 and all the offdiagonal elements are equal to 0 or 2, hence replacing every off-diagonal 0 with 1 and every 2 with 0, we get the adjacency matrix of the Petersen graph,
i.e. the strongly regular graph with parameters (10, 3, 0, 1).
